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Introduction
HIS Engineering Note explicitly derives exact, singularity-free
expressionsfor the geodeticlatitude and altitude of an arbitrary
point in space. Such a problem entails the solution of a quartic
equation.!”7 Some references pinpoint the unique solution from
among the four solutions of the quartic. However, nearly all of those
solutions contain singularities at either a pole, the equator, or both.
In the single treatment claimed to be singularityfree,” the derivation

is not systematic or explicitly spelled out.

Formulation

As usual, assume the Earth to be an oblate spheroid, i.e., an ellip-
soid of revolution whose semimajor axis a is the radius of the circle
described by the equatorial plane and whose semiminor axis b is a
line joining its center and a pole. Choose an Earth-fixed Cartesian
coordinate system with the origin at the center of the Earth ellipsoid.
The unit vectors i, j, and k are along the x, y, and z axes, respec-
tively. The +z axis points in the direction of the North Pole, the
+x axis is the line of intersection of the equatorial plane with the
plane of zero longitude, and the +y axis completes a right-handed
coordinate system. An equation of the ellipsoid in this frame is
(r/ @)* + (z/ b)> = 1, where r = /(x> + y?). Let P(xy, o, 20) be
the coordinates of the given point. It is desired to find the nearest
point P’(x, y, z) to P on the surface of the ellipsoid.

The slope of a normal to the ellipsoid at any point on its surface
is given by

e\ @z \ 2\
(Z) =L z ) =1«
<dr> e where <a> + (b) (1)

Therefore, the slope of a normal from P is (zg — 2)/(rg — 1) =
a’z/ (b*r), where ry = /(x3 + ¥}), i.e., roa’z = rl(a®> — b))z +
bz]. Squaringbothsides and expressingr interms of z, a*b*r2z* =
(b? — z22)[(a® — b*)z + b*zy]*. Writing this equationin descending
powers of z,

(@®> — b*)?z* +2b*(a® — b)) zpz>+ b? [azrg +b°2

—(a* = b*)?]? = 2b*(a® — b*)zoz — bP23 = 0
Because z is either positive or negative and sign z = sign z, this
quartic can be expressed in terms of |z|. The resultis

lz1* +2plzl* + qlz* — 2pbPlz| — p*H* =0 )
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where p = |zol/ €2, g = p* — b* + 12/ (e*¢'?), &2 = 1 — (bla)?,
and e’ = (a/ b)* — 1.

Two of three powerful theorems® will now be invoked to expose
the nature of the roots of Eq. (2). The third theorem will be needed
later.

1) An equation f(x) = 0 cannot have more positive roots than
there are changes of sign in f(x) and cannot have more negative
roots than there are changes of signin f(—x).

2) Every equation that is of an even degree and has its last term
negative has at least two real roots, one positive and one negative.

3) Every equationofan odddegreehas atleast one real root whose
sign is opposite to that of its last term.

From Eq. (2) and the fact that p is positive, the following conclu-
sions are deduced. 1) Because the last term of Eq. (2) is negative,
there are at least two real roots of opposite sign (by Theorem 2);
and 2) because there is only one change of sign in Eq. (2), there is
at most one positive root (by Theorem 1). From conclusions 1 and
2, it is seen immediately that Eq. (2) has exactly one positive root,
and this is the root that is sought.

The solution of Eq. (2) is effected by a standard method known
as Ferrari’s method.® In Eq. (2), add to each side (c|z| + d)?, the
quantities c and d being determined so as to make the left-handside
a perfect square; then

lzI* +2plz + (g + A)|z|* + 2(cd — pb?)|z]
+d* — p*b® = (clz| + d)?

Suppose that the left-hand side of the equation equals (|z|> + p|z| +
1)2; then comparing the coefficients,
pt = cd— pb*, 12 = d* — p*b*

P2t =g+, 3)

Eliminating ¢ and d from these equations, p?(¢ + b*)? = (2t + p? —
q)(t* + p*b?), or

a rozo
e’8

213 — q1? — =0 )

Applying Theorems 1 and 3 to Eq. (4), we see that Eq. (4) has
exactly one positiveroot. The solutionof Eq. (4) is accomplished by
a standard method known as Cardan’s solution® Eliminating the 72
term in Eq. (4) by making the substitutiont = ' 4+ g/ 6, we obtain

2 3 2,22

’ ’ q q asryZg
1*+Ft+H =0, where F = ——, -4 _
where 12 108 2%
3)

The solution of Eq. (5) is

1 1
= (,/H2/4+ F3/27 — H/2>3 - (,/H2/4+ F3/27+H/2> ’
(6)

Equation (6)is validprovidedthat H%/ 4 + F3/27 > 0. We have H =
—2(¢*+2P)/6*,where P = 27a’r}z%/ e'® . Thus, H*/ 4 + F3/27 =
4P(P + g*)/ 6°. Therefore, if H>/4+ F3/27>0,then P +q°> >0,
which is satisfied when ¢ > 0, i.e., when a?r} + 0%z > (a® — b*)?,
whichrepresentsall space excludingthe openregionboundedby the
ellipsoid [ro/ (ae®)]* + [zo/ (be'?)]* = 1. Because ae® < be'? < 43
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km, this region is of no practical interest. Therefore, g > 0 will be
our constraint.

Applying Theorem 1 to Eq. (4) with —¢ substituted for , we see
that Eq. (4) has no negative roots. Hence, Eq. (4) has only one real
root and it is positive.

Therefore, [/(H?/ 4 + F3/27) — H/2]V3 = Q/6, where Q =
[V (P + q*)+ /P13 Similarly, [/(H?/4 + F3/27)+ H/2]"3 =
—Q'16,where Q' = [\/(P + ¢°) — /P1?3.(Note that 0’ = ¢*/ Q.
However, putting Q in this form is undesirable as it introduces a
singularity when Q = 0, which occurs when either r, = 0 and
|zo| = be'? or ry = ae? and z, = 0.) Substituting these values into
Eq.(6),t =(Q+ Q)6=t=(q+ QO+ Q)/6.

It will now be shown that g < 2r < g + b?, where the left-hand
side equality occurs when either ry or zp = 0 and the right-hand-
side equality occurs when ary = b|z,|. Rewriting Eq. (4) in the
form 1*(2t — q) = a’r}z}/ e'®, the lower bound of 7 is deduced at
once. Now let g = U® — g — 4a*riz3/ '8, where v > q. Then,
dg/dv = v(3v — 2q) > 0. Thus, g is a monotonically increasing
function of v for all v > ¢g. Because 2t > g and g = 0 when
v = 2t, it follows that g > 0 when v > 2¢. Putting v = ¢ + b? in
the expression for g, we obtain

2

2
-
g|U=q+bz=b2<p2— : ) >0=>2<qg+b°

ele'?

equality occurring when p =ry/ (e€’), i.e., when ro/ e =|zy|/ e’ or
when ary = b|z,|, in which case ¢ =2p> —b?> and t = (q + b?)/2
= pz.

Solving for ¢ and d from the system of equations (3), we obtain
¢ = (p*—q+2t)and d = /(> + p*b*). Because 2t > ¢, it
follows that ¢ > p. Now, (|z|> + plz| +1)? = (clz| + d)*> = |z|* +
plzl +t = £(c|z| + d), from which the following two quadratics
in |z| are obtained:

lzZP+(p—o)lzl+1—d =0 (7)
and
Iz 4+ (p+o)zl+t+d=0 ®)

It has already been shown that Eq. (2) has exactly one positive
root. Furthermore, because > — d> = —p?bh®> < OQand d > 0, it
follows that t —d < 0 < t 4+ d. Now, t — d is the last term of
Eq. (7) and has just been shown to be negative. Hence, by applying
Theorem 2 to Eq. (7), we see immediately that Eq. (7) must contain
the required positive root. Hence,

_ =0+ -0~ 4 —d)
2

|z]

c—p+\/2p2—q—2t—2pc+4 12 4 p2b?
2

This solution is free of singularities. It is easy to show that

lim |z] =0 and lim |z] =b

20— 0 rg—0

Proceeding with our derivation,r = a./[1 — (z/ b)*],x = xyr/ ry,
y = yor/ rg, and A = arctan(yo/ Xxo), where ry # 0. [Here, 4 is the
longitude at (x, y).]

To compute the geodetic latitude and altitude at P'(x, y, 2), itis
desirable to introduce a geometric term N,, which is never zero. N,
is defined to be the distance along the ellipsoidal normal from the
surface of the ellipsoid to the z axis (Fig. 1).

FromFig. 1,cos y =r/ N,. Also, tan y = a*z/ (b*r) [fromEq. (1)]
= N, =rsecy = a/(1+¢€?%z%/b?),siny = cosytany = a’z/
(b®N,) = y =arcsin[a’z/ (b*N,)], which is the desired expression
for the geodetic latitude. Also from Fig. 1, hcosy =ry —r =1,

A

Fig.1 Ellipsoidal normal.

—N,cos y, hsiny =zy—z=zo— (b/ a)>N, sin x. Multiplying the
first equation by cos y and the second by sin y and adding,

h = rycos x + zosin @ — N,[cos® y + (b/ a)* sin® x]

rocosy + zosiny — a*/ N,

which is the desired expression for the geodetic altitude.
To recapitulate, given a, b, xo, Yo, and zo, the algorithm is as

follows:
2 2
b
ez:l_<_>’ 6/2:<£> -
a b

1z
ro = /x5 + 35 p=—7

r2
q:p2_b2+ 0

eze/z
If g > 0, then
iariz2 :
p=—L1% Q:(,/P+q3+ﬁ>’,
e
2 ’
Q’=(/P+q3—ﬁ>3, t:%

c=+p>—q+2t
c—p+\/sz—q—Zt—2p0+4,/t2+p2b2

2

Z = sign(zg)
_ o a*z
x = arcsin DN,

e/ZZZ
N, =a4/1+ o
a2

h=rycosy+ zosiny — —

e

Conclusion

Simple, unique, and exact expressions for the geodetic latitude
and altitude of an arbitrary point have been derived. The point in
question can be anywhere in space, excluding a small open region
bounded by a prolate spheroid that is concentric with and contained
within the Earth ellipsoid. The derivationis systematic, and the re-
sultingexpressionsare free of singularities. The treatment presented
isquiteelegantand, to ourknowledge,does notexistin the literature.
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Introduction

ONTROLLER design using linear quadratic Gaussian (LQG)

proceduresyields compensatorsof the same order as the plant.
Many physical systems, such as aeroservoelasticsystems, involve a
largenumber of states and, therefore,resultin high-ordercontrollers.
These high-order controllers are difficult to implement and may be
susceptible to reliability problems. Therefore, it is essential to find
ways to reduce the order of these controllers.

The elements of the componentcost analysis method (CCA) were
developed in Refs. 1-3. The method is based on the decompo-
sition of the quadratic performance index of the plant-controller
system into components that indicate the contributions of the dif-
ferent controller states to its optimal value. The states with neg-
ligible contributions to the quadratic performance index J are
eliminated, thus reducing the order of the controller by trunca-
tion. The CCA method, however, is highly sensitive to the set of
chosen coordinates, and one can readily show that it can lead to
incorrect results* The advantages of using observer normal coor-
dinates in the process of controller reduction were pointed out in
Ref. 4. However, because the CCA method could not be trusted
while reducing the order of the controller, a brute force method*
was suggested, by which all of the optimal regulator states, except
for a single state, were used for feedback in the plant-regulator
system, and J and eigenvalues for the closed-loop system were
computed. This procedure was repeated, with a different single
state omitted each time from the optimal regulator feedback ex-
pression, until all of the states had been scanned in such a manner,
and the resulting effects on J and on the eigenvalues were com-
puted. In the present Note, a modification is introduced in the ob-
server equations,* which permits strict application of the principle
of separation to the plant-reduced controller system. It then avoids
the lengthy brute force method of identifying the states that can
be neglected by adopting elements of the CCA method. The CCA
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method, as used in this Note, differs from the method developedin
Refs. 1-3 on three main points. First, it is applied to the optimal
regulator only, rather than the plant-controller system. Second, it
uses normal coordinates of the reconstruction error matrix while
performing component cost analysis in the optimal regulator’s per-
formance index. Third, which is related to the previous point, trun-
cation is applied to diagonal matrices only. It will be shown that the
described normal coordinates are essential for controller reduction
based on CCA analysis. Thus, it can be seen that the method pro-
posed combines basic elements of the controller reduction method
developedin Ref. 4 with elements of the CCA method presentedin
Refs. 1-3.

Optimal Linear Quadratic Regulator
and the CCA Method
Let the system to be controlled be linear and time invariant, given
in the following state-space form:

X =Ax + Bu + Gw (1)

y=Cx+v 2)

where A is an n x n plant matrix, B is an n x [ input matrix, C is
an m X n output matrix, and v and w are zero mean uncorrelated
white noise processes with intensities V > 0 and W > 0. Let the
steady-state performance index J be defined by

J = lim E(x"Qx +u"Ru) 3)

t— 00

where Q@ > 0 and R > 0. Following optimal regulator theory, the
inputu is given by

u=—Fx “)

where F is an [ x n feedback gain matrix obtained through the
solution of the usual algebraic Riccati equations. Substitution of
Eq. (4) into Eq. (3) yields

J = lim E[x"(Q + F'RF)x] (5)

Following the CCA method, the cost y;, which is associated with
the x; state, is defined by

v; = trlxx"(Q + F'RF)];; )

so that

J:Z Vi 7

i=1

Assume we now rank the regulator states so that

[wi()] = [ya(0)] = -+ = |y, (x)] ®)

Then those n, states with the smallest associated |y| values are
deleted, thus reducing the plant-regulator system, by truncation, to
n; important states, where n; = n — n,. The main difficulties asso-
ciated with the CCA method can be traced to the truncation of the
plant-regulatorsystem. It may be argued that the regulator feedback
gains associated with the n, negligible |y| values may, indeed, be
set to zero with no appreciable effects on the value of the perfor-
mance index J. However, it would be incorrect to proceed further
and assume that the truncation of the plant, obtained by deleting
those n, unimportant states, will have little effect on the dynamics
of the plant and, therefore, leave the values of the important states
essentiallyunchanged.Therefore,in the remaining part of this work,
the CCA method will be used only for the determination of the reg-
ulator feedback gains [in Eq. (4)] that can be set to zero without
appreciable effects on the value of the performanceindex J.



